We present a variational method for whispering gallery modes (WGMs) and apply it to sensor responses of WGMs in a spherical resonator to two types of perturbation for which we know the exact answers. The perturbations are adsorption of a thin dielectric layer and a uniform change in the surroundings' refractive index. The variational method gives the perturbed wave function and, if a suitable trial function is chosen, the resonance wavelength shift up to the second order in the perturbation. The linear part is identical to the result of the first-order perturbation theory.
INTRODUCTION
Photonic whispering gallery mode (WGM) sensors housed in axially symmetric resonators have been recognized as one of the most promising sensors now under development to detect minute environmental changes, especially binding of a small number of biomolecules [1] [2] [3] [4] . The wavelength of a narrow-line resonance shifts in response to a change in the dielectric environment near the resonator surface. A shift as small as 10 ppb of the wavelength can be detected [2] . The shift is proportional to the quantity of bound molecules, the refractive index increment in the surrounding fluid, etc. [1, 2, [5] [6] [7] [8] . The latter feature qualifies the WGM resonance shift sensor as a quantitative transducer, unlike many other sensors currently in use [9, 10] . Recently, binding of single molecules to the sensor surface has been demonstrated: again exhibiting quantitative analysis capability [11] .
At an early stage of the short history of WGM sensors, we developed a perturbation theory to derive a formula for the resonance shift [1, 2, 5] . The perturbation is due to binding of particles, adsorption of a thin layer, or a change in the surroundings' refractive index [6] . We calculated the energy change due to the perturbation and obtained a formula that relates the resonance shift to the surface density and the polarizability of adsorbed molecules, for instance. The formulas were confirmed in experiments [1, 2, 7, 8] .
The perturbation theory relies on the similarity between the WGM wave function and a wave function of a particle in quantum mechanics [12] . The radial component of the WGM wave function follows a second-order differential equation that can be recast into a onedimensional Schrödinger equation with a local potential minimum on an otherwise sloping potential that results from the centrifugal force of the circular WGM orbital. This local minimum creates a temporarily bound state for the WGM photon. The eigenvalue of the quasi-normal state is a linear function of k 2 , where =2 / k is the wavelength in vacuum. The perturbation modifies the potential, which changes the eigenvalue, leading to a resonance shift.
Here we present a variational method for WGMs. As in quantum chemistry, the variational method has an advantage over the perturbation theory: it is easy to find the wave function after the perturbation. We apply the variational method to WGMs in a spherical resonator undergoing adsorption of a thin layer and a uniform change of the exterior refractive index. In these changes, the exact wave function is known [5, 6, 13] , although it is numerical, which allows us to confirm the effectiveness of the variation method. We will show that the linear term in the eigenvalue change to be obtained in the variational method agrees with the first-order perturbation result.
The real strength of the variational method will be manifested when it is applied to a nontrivial WGM. Examples for a WGM in a spherical resonator include the effects of a particle adsorbed onto the surface and a tapered fiber touching the sphere placed for introducing light into the WGM orbit. The variational method should also be useful for a WGM supported on nonspherical resonators [14, 15] .
VARIATIONAL METHOD
We start with a vector wave equation for time-harmonic electric field E,
where the refractive index (RI), n͑r͒, varies with position r. It is convenient to set up spherical polar coordinates ͑r , , ͒ with the origin at the center of the sphere of radius a͑Ӷ͒ and RI n 1 immersed in a medium of RI n 2 , where n 1 Ͼ n 2 . The RI profile is
Equation (1) with n͑r͒ = n o ͑r͒ has two independent solutions of different polarizations: TE (transverse electric) and TM (transverse magnetic) waves. Each polarization takes two indices l and m (number of waves per WGM orbit, l =1,2,. . .; m =−l , l +1, . . . ,l). The electric field of a TE wave is given as [ 
We consider only TE modes in this paper. The differential equation for the radial function of the TM mode is different, and so are the results of the variational methods. The TM modes will be considered in the future.
The solution of Eq. (5) at resonance is given as [5, 6, 16 ]
where A l and B l are coefficients and l ͑z͒ = zj l ͑z͒ and l ͑z͒ = zy l ͑z͒ are spherical Ricatti functions with j l ͑z͒ and y l ͑z͒ being spherical Bessel functions. Continuity of E lm across the sphere surface leads to the continuity of S l ͑r͒ and S l Ј͑r͒ at r = a:
where the prime denotes the derivative by the argument. Equations (7a) and (7b) and the normalization combined give A l , B l , and k at resonance. There is more than one eigenvalue ͑k 2 ͒ for Eq. (5) that satisfies the boundary conditions. In the increasing order of k 2 , these eigenfunctions are called the first-order, second-order, etc. radial functions [16] . The ith radial function S l ͑i͒ ͑r͒ has i peaks (positive or negative). We showed that eigenfunctions belonging to different eigenvalues are orthogonal when weighted by ͓n o ͑r͔͒ 2 [5] :
With normalization, S l ͑i͒ ͑r͒ ͑i =1,2, . . .͒ constitute an orthonormal series. Now we consider a modified RI profile. The modification may be due to adsorbate of RI= n p that displaces the medium of n 2 ͑n p n 2 ͒ or a uniform change in n 2 . The change of n͑r͒ from n o ͑r͒ changes the electric field from E lm to another time-harmonic function E.
The variational method tries to minimize the ratio of two integrals over the entire space,
by optimizing the trial function E. We call the integrals in the numerator and the denominator the wave integral and the energy integral, respectively. When n͑r͒ = n o ͑r͒, VAR= k 0 2 , where k 0 is the resonance wave vector before the environmental change. As in quantum mechanics, we can express E as a linear combination of E lm of different S l ͑i͒ ͑r͒ and prove that the minimum VAR is equal to or greater than the true eigenvalue for n͑r͒. However, it is usually the case that the trial function adopts some explicit expression with a few adjustable parameters that represent our expectation for the function. Then, VAR is minimized over the parameter space.
In the present paper, all calculations assume a sphere of radius a = 100 m (before coating) and RI n 1 = 1.452 (silica) in n 2 = 1.32 (water). For the resonance to occur at approximately = 1.32 m, the value of l is 677, 665, and 655 for the first-, second-, and third-order radial modes, respectively. The same values of l are enforced for WGM in a coated sphere and a sphere in n 2 different from 1.32. Note that S 677 ͑1͒ ͑r͒ and S 665 ͑2͒ ͑r͒ are not orthogonal.
THIN-LAYER ADSORPTION
We apply the variational method to WGMs in a sphere with a thin dielectric layer adsorbed on the surface. It is assumed that the adsorbate has a uniform RI n p and thickness t͑Ӷ͒. The RI profile is now
͑10͒
We can find exact k and S l ͑r͒ for the WGM for the layered sphere, although the result is numerical. Our earlier work [13] explains how to obtain the numerical solution. In short, S l ͑r͒ within the layer is a linear combination of l ͑n p kr͒ and l ͑n p kr͒. Continuity of S l ͑r͒ and S l Ј͑r͒ across the interfaces at r = a and a + t determines the linear coefficients as well as the amplitude ratio of S l ͑r͒ at r Ͻ a to S l ͑r͒ at r Ͼ a + t and k at resonance. The layered sphere will, therefore, allow us to test the effectiveness of the variational method.
If n p Ͼ n 2 , the layer will attract the WGM orbit [13] , thus moving S l ͑r͒ outward. We employ the following trial function:
where the constant b ͑Ӷ1͒ will be negative. If n p Ͻ n 2 , then the movement will be inward, and b Ͼ 0. The constant b can be regarded as a contraction coefficient of S l ͑r͒. When S l ͑r͒ in Eq. (11) is S l ͑i͒ ͑r͒, the trial function will represent the modified ith-order radial mode. Up to
͑12͒
Equation (12) gives another perspective. In the firstorder mode, for example, S l Ј͑r͒ is positive at r Ͻ r peak and negative at r Ͼ r peak , where r peak represents the peak position in S l ͑r͒. A positive b will lift S l ͑r͒ at r Ͻ r peak but lower it at r Ͼ r peak . In effect, the peak position will move inward. Figure 1 shows S l ͑r͒ and S l Ј͑r͒ for the first-order mode with l = 677. The resonant k is 4.7616 m −1 , which gives = 1.3195 m as the resonance wavelength. Note that S l Љ͑r͒ is not continuous at r = a. The figure also shows ⌬S l ͑r͒, the difference of S l ͑r͒ in the silica sphere coated with a 1 nm layer of n p = 1.6 from S l ͑r͒ in the plain silica sphere. Obviously, ⌬S l ͑r͒ϳS l Ј͑r͒: the sign is opposite as expected. The closeness of ⌬S l ͑r͒ and S l Ј͑r͒ leads us to anticipate that Eq. (12) will make a good trial function. The closeness is also the case for the second-and third-order radial modes (plots not shown).
We are employing an expanded or contracted S l ͑r͒, rather than a shifted form, S l ͑r + c͒ with c being a constant. A look at the change in S l ͑i͒ ͑r͒ of i Ն 2 with an increasing layer thickness will explain the reason. For example, S l ͑2͒ ͑r͒ has a minor outer peak (1) and a major inner peak (2) of the opposite signs. In the present set of parameters ͑l = 665͒, peak 1 is at 99.523 m, peak 2 at 97.261 m, in the plain sphere. The shift in the two peak positions, ⌬r peak 1 and ⌬r peak 2 , with an increasing thickness t of the layer of n p = 1.6 is shown in Fig. 2 . Obviously, peak 1 moves more than peak 2 does. The crosses in the figure indicate the shifts, estimated from the value of k at resonance for each coated sphere and the closure relationship that the number of waves in the WGM orbit be held unchanged as t increases. The WGM orbit can be represented by a circle of radius r peak , and the increase in the orbit leads to the red shift of resonance (negative ⌬k). For the ith peak
where the subscript 0 indicates the value before the change. In Fig. 2 the two sets of crosses lie nearly on top of the solid curves, even for a layer as thick as 100 nm. The closure relationship has thus been confirmed. More importantly, though, the agreement is good for both peaks, indicating that the change in the S l ͑r͒ profile is not a simple outward shift, but rather an expansion of the radial distance. The same discussion holds for the third-order radial mode that has three peaks in S l ͑r͒.
We now evaluate VAR for E given by Eq. (12). The energy integral is divided into two parts,
where n 2 − n o 2 is nonzero only in the layer. If we employ E lm [Eq. (3)] for E in Eq. (9), then we find from Eq. (14) that VAR is identical to the estimate of the resonance shift in the first-order perturbation theory [6] .
The first integral in Eq. (14) is expressed, after angular integration, as
where
͑l − m͒ ! ͑2l + 1͒ . ͑16͒ Table 1 in Appendix A lists the radial integrals. Equation (15) leads to (Color online) Shift in the peak positions (peak 1, outer peak; peak 2, inner peak) of S l ͑r͒ of the second-order WGM, ⌬r peak , in adsorption of a layer of n p = 1.6, plotted as a function of layer thickness t (solid curve, black). The estimates relying on the numerical result of k at resonance and a constant number of waves (crosses) are superimposed.
The evanescent field exterior to the sphere decays exponentially with the distance from the surface. We denote by ⌫ the decay rate of S l ͑r͒ at r = a:
͑18͒
which is close to k͑n 1 2 − n 2 2 ͒ 1/2 for the first-order mode [5] , and slightly smaller for the higher-order modes. If the layer is thin, t⌫Ӷ1, the integrand in the second integral of Eq. (14) is evaluated at r = a:
where a + indicates the exterior side of the sphere. Let
Then, Eqs. (17) and (19) combine to give
Now we calculate the wave integral in Eq. (9) for E given by Eq. (12) . Details of calculation are shown in Appendix B and the result is Eq. (B8). With Eqs. (21) and (B8), VAR is evaluated, up to O͑b 2 ͒, as
͑22͒
where p represents the perturbation strength:
Equation (22) 
͑26͒
The first term agrees with result of the first-order perturbation theory [5] . The expansion coefficient of S l ͑r͒ is ⌬r peak
. ͑27͒ Figure 3 compares the estimate of ⌬r peak / ⌬r peak,0 by Eq. (27) with the exact but numerical result for the firstorder radial mode. When the layer is sufficiently thin, Eq. (27) gives a good approximation for ⌬r peak . At t =20 nm ͑t⌫ = 0.050͒ Eq. (27) gives a value 5.3% less compared with the exact fractional shift of the peak. When the layer has a higher n p , the deviation is greater. At n p = 1.8 and t = 20 nm, the deviation is 14.4%. However, as far as the first-order change is concerned, the variational method with the radially expanding trial function gives the correct wave function.
The inset in Fig. 3 compares S l ͑r͒ in the plain sphere, the exact S l ͑r͒ in the coated sphere ͑n p = 1.6, t =30 nm͒, and S l ͑r͒ obtained using the variational principle for the sphere. The agreement is good for the latter two S l ͑r͒.
The increasing deviation of the exact ⌬r peak from the variational result with an increasing t cannot be ascribed Fig. 3 . (Color online) Fractional shift in the peak position of the radial function, ⌬r peak / ⌬r peak,0 , of the first-order mode in adsorption of a thin layer of n p = 1.6, plotted as a function of layer thickness t. The estimate by the variational method (dashed curve) is compared with the result of exact numerical analysis (solid curve, black) and the estimate relying on the numerical result of k at resonance and a constant optical path length (crosses). Inset: S l ͑r͒ on the plain sphere (black curve), S l ͑r͒ in the coated sphere (n p = 1.6, t = 30 nm; curve), and the estimate by the variational method (crosses).
to our approximation of E͑r͒ by E͑a͒ in the second integral of Eq. (14) . Taking into account the decay in the evanescent field decreases p to
and thus lowers the estimate of ⌬r peak . Rather, the increasing discrepancy is ascribed to the cutoff of S l ͓r͑1+b͔͒ by the second order of b, which limits the estimate of the variational method to the term linear to the layer thickness. Extending the approximation of S l ͓r͑1+b͔͒ to a higher order of b will capture the nonlinear phenomenon better.
The growing discrepancy between the exact result and the variational prediction with an increasing t or n p indicates a response of WGM wave function to the attraction by the high-RI layer to the extent to deform S l ͑r͒. The latter appears first in the first-order mode, followed by the second-order mode. Therefore, the discrepancy is the largest for the first-order mode, compared at the same t and n p . Now we examine the prediction of the resonance wavelength shift by the variational method. Figure 4 compares the fractional shift of the first-order mode (solid curve) with the prediction (dashed curve) by Eq. (26). For reference, the prediction of the first-order perturbation is also shown (dotted curve). The variational method gives a better agreement with the exact result. The method essentially provides the second-order prediction to the eigenvalue, if the choice of the trial function is right. The variational prediction can improve further. The dasheddotted curve in the figure shows the correction of the variational prediction by taking into account the decay of the evanescent field. The closeness of the t⌫-corrected variational prediction to the exact result is obvious. The situation is similar in the higher-order modes.
CHANGE OF THE EXTERIOR REFRACTIVE INDEX
Here we use the variational method to find the change in the wave function when n 2 increases for which we already know the exact answer [5] . The profile of relative permittivity is now
Comparison of the plots of ⌬S l ͑r͒ due to a small positive ⌬n 2 and S l Ј͑r͒ (not shown) shows that the similarity between the two plots is not as good as it is in Fig. 1 . The increased n 2 decreases ⌫ and protracts S l ͑r͒ at r Ͼ a more than the one before the change, not just lifting S l ͑a͒. Despite this difference, we adopt the same trial function here. The wave integral is the same as Eq. (B8). In the energy integral,
͑30͒
Using the radial integrals listed in Table 2 in Appendix A, we obtain
where S l = S l ͑a͒ and I is defined in Table 2 . In Eq. (31)
Using the approximate expression of l Ј͑z͒/ l ͑z͒ for large l and z ͑z Ͻ l͒ [5] , ⌫ is approximated as
which leads to
Combining Eqs. (14), (17), (30), and (B8), we obtain 
and a⌫ӷ1 was used. VAR minimizes at b = b m given as
Note that, unlike the layer adsorption, b m is different for each radial mode. The difference enters through ⌫.
͑39͒
The first term agrees with the first-order perturbation theory [5] . The expansion factor of S l ͑r͒ is The crosses are from the resonant k value and the closure relationship. Again, we confirm that the resonance wavelength shift corresponds to an increased WGM orbital. The apparent better approximation by Eq. (40) in Fig. 5 , compared with Fig. 3 , is just due to a weaker perturbation in the range of ⌬n 2 shown in the figure. Compared at the same ⌬r peak , the difference between the exact value and variational estimate of the shift is a lot worse than it is for the thin-layer adsorption. It is ascribed to the relatively poor selection of the trial function. The second term in Eq. (39) improves the prediction of −⌬k / k 0 by the variational method, but the improvement is not as good as the one in Fig. 4 .
CONCLUSIONS
Through two examples of WGM sensor responses on a spherical resonator to environmental changes we have demonstrated effectiveness of the variational method. Future applications will include nonradial perturbations of WGM in the sphere such as adsorption of a particle and touching of a tapered fiber and perturbations of WGM on a cylindrical resonator. In particular, the latter examples appear interesting; longitudinal localization of the wave function can be treated by the variational method. 
